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Relativistic Quantum 
Information Theory

Does this make sense?

If we are going to use quantum 
communication on a large scale, relativistic 
effects are essential.

Information theory is a kind of quantitative 
logic.
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Early Work

Jarrett and Cover 1981:  Relativistic classical 
information theory.  

Relativistic effects on transmission rates and 
energy requirements.

Closely related to time dilation: special 
relativity.
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Our direct inspiration

Alsing and Milburn 2002 : Entanglement and 
Lorentz invariance.  How does the 
entanglement of maximally entangled states 
transform under Lorentz transformation?

Entanglement fidelity is preserved even 
though the finite-dimensional Lorentz 
transformations are not unitary.

Spin and momentum degrees get entangled 
under Lorentz transformations.
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Outline

Summary of QFT

The Unruh effect

Private capacity and quantum private 
capacity. 

Private information via the Unruh effect.
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Quantum Mechanics 
Recap

1. States are rays in a Hilbert space

2. Measurements are described by hermitian operators...

3. Evolution is given by a particular unitary operator exp(−iHt)

4. The algebra of observables is non-commutative and is given by Dirac’s

rule

{P,Q} −→ [P,Q]
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Harmonic Oscillator

The Hamiltonian is H =
p2

2m +
1
2mω
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The energy levels are equally spaced: En = �ω(n + 1
2 )

a = C(x + iC �p), a† = C(x− iC �p)

Some marvellous operators
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Harmonic Oscillator

The Hamiltonian is H =
p2

2m +
1
2mω

2
x

2
.

The energy levels are equally spaced: En = �ω(n + 1
2 )

a = C(x + iC �p), a† = C(x− iC �p)

Some marvellous operators

a|n� =
√

n|n− 1�, a
†|n� =

√
n + 1|n + 1�

[a, a
†] = 1, H = �ω(a†a +

1
2
)
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Relativistic QM

Possible relativistic wave equations arise from the representation theory of the
Lorentz group. Dirac guessed the right equation for the electron from physical
intuition and formal arguments.

Problem: the energy spectrum was not bounded below. What stops an elec-
tron from falling into the negative energy states and radiating away an infinite
amount of energy?

Dirac’s hack: Fill the negative energy states. The ”vacuum” is a sea of negative
energy electrons and Pauli’s exclusion principle will keep ordinary electrons from
falling into the sea.

A negative energy electron may be kicked upstairs and become an ordinary
electron leaving a “hole”. The hole will behave just like a positively charged
electron: a positron.
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Quantum Field Theory

Hole theory was replaced by quantum field theory created by too many people

to name them all but a few should be mentioned: Wigner, Weisskopf, Jordan,

Heisenberg, Fermi and Dirac.

The main ideas: particles are no longer “conserved”, they can be created and

destroyed. The state space is the symmetric tensor algebra or the Grassman

algebra over the old Hilbert space. This is called Fock space.

The old “wave functions” become operator fields. They act on Fock space and
create or annihilate particles: second quantization.

The mathematical complexity rises a whole level beyond that of ordinary quan-
tum mechanics.
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Traditional Quantum Field Theory
Start with �φ−m2φ Put it in a “box” to avoid hassles.

φ(�x, t) =
�

�k

φ�k(t)ei�k·�x; �k = 2π(nx, ny, nz).

Now the Hamiltonian is

�

�k

{1
2
|φ̇�k|

2 +
1
2
ω2

�k
|φ�k|

2} where ω2
�k

= �k2 + m2.

This looks like a collection of harmonic oscillators.

Fermi
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The a, a† operators now destroy and create
quanta of different modes:
particles have emerged from the field!

The innocent harmonic oscillator
plays a foundational role in QFT.

The a and a† come from the positive
and negative frequencies of the field.

The vacuum is the state killed by all
the a operators.
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The Fourier transform tells us:
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How do we know what is positive frequency

and what is negative frequency?

The Fourier transform tells us:

Operators are in bold face.

Φ(�x, t) =
�

k

fk(�x, t)ak + fk(�x, t)a†
k

The fk are classical positive energy solutions:

fk = (··) exp(i�k · �x− iωt)
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How do we know what is positive frequency

and what is negative frequency?

The Fourier transform tells us:

Operators are in bold face.

Φ(�x, t) =
�

k

fk(�x, t)ak + fk(�x, t)a†
k

The fk are classical positive energy solutions:

fk = (··) exp(i�k · �x− iωt)

One needs the canonical Fourier

transform that one has in a flat spacetime.
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A critique

These concepts are wrong -- or, at least, 
misleading -- for QFT in curved spacetimes.

The notion of “particle” is not absolute.  

Particles may appear out of the vacuum: 
Leonard Parker, Stephen Hawking and Bill 
Unruh.

Particles are a useful abstraction when 
talking about detectors coupled to quantum 
fields. 
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Rindler spacetime.
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The Rindler Spacetime
Minkowski spacetime: (t, x, y, z).

Right and left Rindler wedges: |t| < z, |t| < −z.

Boost killing vector: z ∂
∂t + t ∂

∂z .

New coordinates: t = ρ sinh η, z = ρ cosh η.

Lines of constant ρ are lines of constant
proper acceleration, with acceleration = ρ−1.

Newer coordinates: ρ = a−1eaξ, η = aτ .

ξ = 0 corresponds to curve with acceleration = a.
Tuesday, June 28, 2011



The metric is now:
ds2 = e2aξ(dτ2 − dξ2)− dx2 − dy2.
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The metric is now:
ds2 = e2aξ(dτ2 − dξ2)− dx2 − dy2.

If we consider the usual Minkowski vacuum
|0�M , restricted to the right Rindler wedge;
it will appear as a thermal state in the QFT
constructed by using the τ coordinate to
define positive frequency.
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The accelerating observer and the inertial observer
will disagree about the vacuum.

ak �→ αkãk + βkã†k
where ã is the accelerating observer’s annihilation operator.

There will be modes corresponding to the inaccessible region,

so the accelerating observer’s density matrix will involve a partial trace
over the modes of the inaccessible region.

The transformation between the two field theories is given by a standard
Bogolioubov transformation:

Tuesday, June 28, 2011
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The inertial observer’s vacuum will look like a bath
of thermal radiation to the accelerating observer.

Unruh Effect

The notion of “particle” is not absoute:

it only refers to the effects of a detector
interacting with a field.
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Scenarios for 
Communication

We consider the effect of the thermal noise 
on communication in two scenarios.

Alice (inertial) sends messages to Bob 
(accelerating); what is the channel capacity?

Alice sends messages to Bob (both inertial) 
but Eve (accelerating) eavesdrops.  How well 
can she wiretap given the noise that she 
detects?
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Figure 1: Spacetime diagrams for the two communication scenarios. (a) Alice is an
inertial observer try to send quantum information to the uniformly accelerated Bob. The
wavy lines indicate transmission via wave packets and the d-rail qudit encoding. (b) In
the second diagram, Alice and the intended receiver, Bob, are both inertial observers.
In our idealized scenario, they are assumed to share an noiseless quantum channel. A
uniformly accelerated eavesdropper, Eve, attempts to wiretap Alice’s message to Bob.

ing on the scenario) intercepts this, but using an apparatus that detects excitations of the
quantum field defined according to the prescription of the Rindler quantum field theory.
So the state that she detects will be described by some infinite-dimensional density ma-
trix. A detailed analysis of this density matrix makes it possible to extract quantitative
information about the private and quantum capacities. We evaluate both the quantum
capacity from Alice to an accelerating Bob and the private capacity for inertial Alice
and Bob trying to exchange quantum information while simultaneously confounding an
accelerating eavesdropper. Figure 1 contains spacetime diagrams illustrating the two
communication scenarios.

Both quantities exhibit surprising behavior. The quantum capacity, the optimal rate
at which a sender can transmit qubits to a receiver through some noisy channel, usually
exhibits a threshold behavior; channels below some quality threshold have quantum ca-
pacity exactly zero. For the Unruh channels, however, we find that the quantum capacity
is strictly positive for all accelerations, reaching zero only in the limit of infinite acceler-
ation. It is therefore always possible to transmit quantum data to an accelerating receiver
provided the sender is not behind the receiver’s horizon. Careful choices of encoding
can therefore eliminate the degradation in fidelity known to occur if one uses a naive
teleportation protocol to communicate with an accelerating receiver [3] (see also [39]).
In addition to characterizing quantum transmission to an accelerating receiver, our anal-

3

Scenario 1
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Figure 1: Spacetime diagrams for the two communication scenarios. (a) Alice is an
inertial observer try to send quantum information to the uniformly accelerated Bob. The
wavy lines indicate transmission via wave packets and the d-rail qudit encoding. (b) In
the second diagram, Alice and the intended receiver, Bob, are both inertial observers.
In our idealized scenario, they are assumed to share an noiseless quantum channel. A
uniformly accelerated eavesdropper, Eve, attempts to wiretap Alice’s message to Bob.

ing on the scenario) intercepts this, but using an apparatus that detects excitations of the
quantum field defined according to the prescription of the Rindler quantum field theory.
So the state that she detects will be described by some infinite-dimensional density ma-
trix. A detailed analysis of this density matrix makes it possible to extract quantitative
information about the private and quantum capacities. We evaluate both the quantum
capacity from Alice to an accelerating Bob and the private capacity for inertial Alice
and Bob trying to exchange quantum information while simultaneously confounding an
accelerating eavesdropper. Figure 1 contains spacetime diagrams illustrating the two
communication scenarios.

Both quantities exhibit surprising behavior. The quantum capacity, the optimal rate
at which a sender can transmit qubits to a receiver through some noisy channel, usually
exhibits a threshold behavior; channels below some quality threshold have quantum ca-
pacity exactly zero. For the Unruh channels, however, we find that the quantum capacity
is strictly positive for all accelerations, reaching zero only in the limit of infinite acceler-
ation. It is therefore always possible to transmit quantum data to an accelerating receiver
provided the sender is not behind the receiver’s horizon. Careful choices of encoding
can therefore eliminate the degradation in fidelity known to occur if one uses a naive
teleportation protocol to communicate with an accelerating receiver [3] (see also [39]).
In addition to characterizing quantum transmission to an accelerating receiver, our anal-

3

Scenario 2
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Surprises

1. The quantum capacity, i.e. the optimal rate
at which a sender can transmit qubits through
a noisy channel usually exhibits a threshold
behaviour. Not so with the Unruh channel:
the capacity is always positive and is zero
only in the limit of infinite acceleration.
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Surprises
2. The private quantum capacity also has no
threshold behaviour. Furthermore, it has a
single-letter formula. This formula shows
that the private quantum capacity is exactly
the same as the entanglement-assisted
capacity to the eavesdropper’s environment,
even though there is no connection between
these two situations!
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Surprises
2. The private quantum capacity also has no
threshold behaviour. Furthermore, it has a
single-letter formula. This formula shows
that the private quantum capacity is exactly
the same as the entanglement-assisted
capacity to the eavesdropper’s environment,
even though there is no connection between
these two situations!

We have no idea what this means.

Tuesday, June 28, 2011



Channel Capacity

The basic measure of information 
transmission.

Shannon’s coding theorem: All transmission 
rates below the capacity are achievable with 
asymptotically zero probability of error.
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Quantum Channels 1

We want to send quantum data from Alice to 
Bob.  It may get distorted along the way.

Sending classical data: choose a basis to 
represent classical data and encode classical 
data in a quantum state.  Bob has to extract 
the classical data from the quantum state.

Sending quantum data: Alice wants to send 
the whole quantum state.  A channel is a 
completely positive trace-preserving map.
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Quantum Channels 2

New possibility: If Alice uses multiple copies 
of the channel she could entangle the 
quantum states across multiple uses of the 
channel.
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Quantum Channels 2

New possibility: If Alice uses multiple copies 
of the channel she could entangle the 
quantum states across multiple uses of the 
channel.

We do not know how to compute the capacity 
in this case!

Most of the extant work is based on the 
restriction that there is no entanglement 
across multiple uses of the channel.
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Quantum capacity
Idea: Want to transmit qubits along a noisy
channel reliably (i.e. preserving the state)
and preserving pre-existing entanglement.

Use error-correcting codes to counteract the
noise and send it across the channel where
it is decoded.

Define a rate in terms of the limit of many
uses of the channel and small error.
The capacity is the optimal achievable rate.
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defined such that when one of the states is pure, F (!,") = Tr !". More generally, the
fidelity is equal to one for identical states and zero for perfectly distinguishable states.

For a density operator #AB , let H(A)! be the von Neumann entropy of #A. The
mutual information I(A;B)! is H(A)! + H(B)! ! H(AB)! while the coherent in-
formation is I(A"B)! = H(B)! ! H(AB)!. The latter quantity, as the negation of
a conditional entropy H(A|B)! = H(AB)! ! H(B)!, can only be positive when the
state # is entangled [27].

For more information on the properties of quantum channels or the functions defined
here, we refer the reader to Nielsen and Chuang [36].

2 Standard and Private Quantum Capacities

The objective of the paper will be to evaluate two quantities characterizing commu-
nication over the qudit Unruh channels: their quantum capacity and private quantum
capacity. While the quantum capacity of a quantum channel has been studied in great
detail [5, 33, 40, 18, 24, 25, 26, 31], the private quantum capacity of a wiretap chan-
nel has not. After briefly introducing the quantum capacity we will therefore develop
the general theory of the private quantum capacity, rigorously demonstrating results that
were only briefly sketched in [9].

2.1 Quantum Capacity

The ability of a quantum channel to transmit quantum information is measured by its
quantum capacity, the optimal rate at which qubits can be reliably transmitted in the
limit of many uses of the channel and vanishing error. There are many equivalent ways
to define the quantum capacity [32]. Here we use a version which focuses on the trans-
mission of halves of maximally entangled states across the noisy channel. Recall that
!

!!2k
"

represents the maximally entangled state on k pairs of qubits.

Definition 1. An (n, k, $) entanglement transmission code from Alice to Bob consists of
an encoding channelA taking a k-qubit system R! into the input ofN"n and a decoding
channel B taking the output of N"n to a k-qubit system C #= R! satisfying

#

#(id$B %N"n %A)(!2k)! !2k
#

#

1
& $. (2)

A rate Q is an achievable rate for entanglement transmission if for all $ > 0 and suffi-
ciently large n there exist (n, 'nQ(, $) entanglement transmission codes. The quantum
capacity Q(N ) is the supremum of all the achievable rates.

In any capacity problem, the objective is to understand the structure of the optimal
codes. Doing so normally results in a theorem characterizing the capacity in terms of
simple entropic functions optimized over a single use of the channel, a so-called “single-
letter formula.” In general, the structure of the optimal codes is still unknown for the
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ysis applies equally well to the study of quantum data transmission through an optical
amplifier, which may well be its more important application.

The private quantum capacity is likewise positive for all nonzero eavesdropper ac-
celerations. Thus, in principle, any eavesdropper acceleration, no matter how small,
can be exploited to safeguard transmissions of quantum data between two inertial ob-
servers. Curiously, the private quantum capacity has a simple formula when the channel
between the inertial observers is noiseless; the formula reveals that in this case the pri-
vate quantum capacity is exactly equal to the entanglement-assisted quantum capacity to
the eavesdropper’s environment, despite the absence of any entanglement assistance in
the problem.

1.1 Structure of the paper

Section 2.1 reviews the definition of the quantum capacity and states the Lloyd-Shor-
Devetak theorem, which provides the best known achievable rates for quantum data
transmission over noisy channels. Section 2.2 introduces the private quantum capacity
and proves a capacity theorem in the case where the channel to the intended recipient is
noiseless. Section 3.1 reviews the Unruh effect, which then allows for an analysis of the
output density matrix of the Unruh channel in Section 3.2. Section 4 is devoted to the
explicit capacity calculations.

1.2 Notation

If A and B are two Hilbert spaces, we write AB ! A " B for their tensor product.
The Hilbert spaces on which linear operators act will be denoted by a subscript. For
instance, we write !AB for a density operator on AB. Partial traces will be abbreviated
by omitting superscripts, such as !A ! TrB !AB . We use a similar notation for pure
states, e.g.

!

!"
"

AB
# AB, while abbreviating "AB !

!

!"
"#

"
!

!

AB
. We will write idA

for the identity channel acting on A. In general, the phrase quantum channel refers to a
completely positive, trace-preserving linear map. The symbol IA will be reserved for the
identity matrix acting on the Hilbert space A and #A = IA/dimA for the maximally
mixed state on A. The symbol ! will be reserved for maximally entangled states and, in
particular,

!

!!2k
"

= 2!k/2 $2k

j=1

!

!k
"
!

!k
"

will denote the maximally entangled state on k
pairs of qubits.

The trace norm of an operator, $X$1 is defined to be Tr |X| = Tr
%
X†X. The

similarity of two density operators ! and " can be measured by trace distance 1
2$! &

"$1, which is equal to the maximum over all possible measurements of the variational
distance between the outcome probabilities for the two states. The trace distance is zero
for identical states and one for perfectly distinguishable states.

A complementary measure is the mixed state fidelity

F (!,") =
%

%

%

%
!
&

"
%

%

%

2

1
=

'

Tr
(%

!"
%
!
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Regularization

Quantum informatic quantities are usually computed by:

allowing n uses of the channel and computing

lim
n→∞

1
n

Q(n)

where Q is the quantity of interest.

1. Easier to compute

2. Essentially using the law of large numbers
to get better behaviour
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information theory is still an open question!

Recently Max Hastings disproved the additivity

conjecture which dashed hopes that the existing

approaches for finding such a formula would work.
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Private Capacity

Quantum communication can be used
for establishing secret correlations. [BB84]

What is the capacity for sending private data?
Purely classical: Maurer (1994) and Ahlswede & Csiszar (1993)

What is the private capacity of a quantum channel for
communicating classical data? [Devetak 2005]

What is the private capacity of a quantum channel for

communicating quantum data? [Hayden et al. in progress]
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|ψ� �� N �� D

|φ� �� B

Noisy channel Decoder

A
|ψ� �� UN ��

���
��

��
��

� D
|φ� �� B

· �� Eve
Eve cannot get a copy of φ: automatic privacy.
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quantum capacity problem. We will see below, however, that they can be characterized
in the case of qudit Unruh channels.

The following theorem gives the best known general achievable rates for the quantum
capacity problem in terms of the coherent information, as defined in the previous section.

Theorem 2 (Lloyd-Shor-Devetak [33, 40, 18]). Let
!

!!
"

A!A
be a pure state,N a quantum

channel from A to B and define " = (idA! !N )(!). The quantum capacity Q(N ) of N
is at least I(A!"B)!.

2.2 Private Quantum Capacity: General Case

The private quantum capacity is the optimal rate at which a sender (Alice) can send
qubits to a receiver (Bob) while simultaneously ensuring that those qubits remain en-
crypted from the eavesdropper’s (Eve’s) point of view. At first glance, this would not
seem to be a very interesting concept. The impossibility of measuring quantum informa-
tion without disturbing it would seem to ensure that successful transmission of quantum
information would make it automatically private. One can imagine a passive eaves-
dropper, however, who could have nontrivial access to the qubits should she choose to
exercise it. The setting we will ultimately be primarily concerned with here is a relativis-
tic version of that passive eavesdropper, in particular, the case in which the eavesdropper
is uniformly accelerated.

Definition 3. A quantum wiretap channel consists of a pair of quantum channels
(NA"B, EA"E) taking the density operators on A to those on B and E, respectively.

N should be interpreted as the channel from Alice to Bob and E the channel from
Alice to Eve. Let UN : A # B !Bc and UE : A # E ! Ec be isometric extensions of
the channels N and E . In particular, N (·) = TrBc UN · U †

N and E(·) = TrEc UE · U †
E .

In many circumstances, E will be a degraded version of the “environment” of the Alice-
Bob channel, meaning that there exists a channel D such that E(·) = D $TrB UN ·U †

N .
For the uniformly accelerated eavesdropper, however, this needn’t be the case so we
don’t require a priori that there be a particular relationship between N and E . Another
relevant example is illustrated in Figure 2.

Recall that #2k = I/2k the maximally mixed state on k qubits.

Definition 4. An (n, k, $, %) private entanglement transmission code from Alice to Bob
consists of an encoding channel A taking a k-qubit system R! into the input ofN#n and
a decoding channel B taking the output of N#n to a k-qubit system C %= R! satisfying

1. Transmission: &(id!B $N#n $A)(!2k)' !2k&1 ( $.

2. Privacy: &(id!E#n $A)(!2k)' #2k ! (E#n $A)(#2k)&1 ( %.

A rate Q is an achievable rate for private entanglement transmission if for all $, % >
0 and sufficiently large n there exist (n, )nQ*, $, %) private entanglement transmission
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Wiretap Channels

!

"
A B

E!n

N!n
! !

Alice

Eve

Bob

Figure 2: Another scenario in which the wiretap framework applies. Alice sends quan-
tum data to Bob through two separate channels, two different fiber optic links, for exam-
ple. Eve potentially has access to one of the links and Alice wants to ensure that should
Eve try to eavesdrop that she will not learn anything about the transmission. N!n, E!n

and B appear in dashed boxes to indicate that B !N!n and E!n are mutually exclusive.

codes. The private quantum capacity Qp(N , E) is the supremum of all the achievable
rates.

The transmission criterion states that halves of EPR pairs encoded byA, sent through
the channel and then decoded by B will be preserved by the communications system
with high fidelity. Alternatively, one could ask that arbitrary pure states or even arbi-
trary states entangled with a reference sent through B ! N!n ! A be preserved with
high fidelity. The different definitions are equivalent for the standard quantum capacity
Q(N ) = Qp(N ,Tr), which is defined with no privacy requirement [32]. The equiva-
lence extends straightforwardly to the private quantum capacity.

The privacy condition can also be written in a slightly more indirect but illustrative
way. If !REn = (idR "E!n !A)("2k), then the condition states that

#!REn $!R "!En#1 % !. (3)

In words, the channel E!n ! A should destroy all correlations with R for the input
maximally entangled state "2k .

Let Ec(·) = TrE UE ·U †
E be the channel from Alice to the environment of the channel

to Eve. The output of Ec contains data that Eve is incapable of intercepting, which
explains its appearance in our main capacity theorem:

Theorem 5 (Private quantum capacity). The private quantum capacity Qp(id, E) when
the channel from Alice to Bob is noiseless is given by the formula max 1

2I(A
";Ec)!,

where the maximization is over all pure states
!

!"
"

A!A
and # = (id"Ec)(").
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Wiretap channels apply to the Unruh
scenario but also to many other situations.
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intercept one of them. Of course, Bob will know

that someone has intercepted the data but it is

still important that Eve not learn anything

about the communication.

In the Unruh scenario, we assume that Eve
could intercept the data if she wanted. Bob
would know that Eve has intercepted the
data but Alice and he still want to ensure
that Eve learns nothing about the
communication.
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quantum capacity problem. We will see below, however, that they can be characterized
in the case of qudit Unruh channels.

The following theorem gives the best known general achievable rates for the quantum
capacity problem in terms of the coherent information, as defined in the previous section.

Theorem 2 (Lloyd-Shor-Devetak [33, 40, 18]). Let
!

!!
"

A!A
be a pure state,N a quantum

channel from A to B and define " = (idA! !N )(!). The quantum capacity Q(N ) of N
is at least I(A!"B)!.

2.2 Private Quantum Capacity: General Case

The private quantum capacity is the optimal rate at which a sender (Alice) can send
qubits to a receiver (Bob) while simultaneously ensuring that those qubits remain en-
crypted from the eavesdropper’s (Eve’s) point of view. At first glance, this would not
seem to be a very interesting concept. The impossibility of measuring quantum informa-
tion without disturbing it would seem to ensure that successful transmission of quantum
information would make it automatically private. One can imagine a passive eaves-
dropper, however, who could have nontrivial access to the qubits should she choose to
exercise it. The setting we will ultimately be primarily concerned with here is a relativis-
tic version of that passive eavesdropper, in particular, the case in which the eavesdropper
is uniformly accelerated.

Definition 3. A quantum wiretap channel consists of a pair of quantum channels
(NA"B, EA"E) taking the density operators on A to those on B and E, respectively.

N should be interpreted as the channel from Alice to Bob and E the channel from
Alice to Eve. Let UN : A # B !Bc and UE : A # E ! Ec be isometric extensions of
the channels N and E . In particular, N (·) = TrBc UN · U †

N and E(·) = TrEc UE · U †
E .

In many circumstances, E will be a degraded version of the “environment” of the Alice-
Bob channel, meaning that there exists a channel D such that E(·) = D $TrB UN ·U †

N .
For the uniformly accelerated eavesdropper, however, this needn’t be the case so we
don’t require a priori that there be a particular relationship between N and E . Another
relevant example is illustrated in Figure 2.

Recall that #2k = I/2k the maximally mixed state on k qubits.

Definition 4. An (n, k, $, %) private entanglement transmission code from Alice to Bob
consists of an encoding channel A taking a k-qubit system R! into the input ofN#n and
a decoding channel B taking the output of N#n to a k-qubit system C %= R! satisfying

1. Transmission: &(id!B $N#n $A)(!2k)' !2k&1 ( $.

2. Privacy: &(id!E#n $A)(!2k)' #2k ! (E#n $A)(#2k)&1 ( %.

A rate Q is an achievable rate for private entanglement transmission if for all $, % >
0 and sufficiently large n there exist (n, )nQ*, $, %) private entanglement transmission
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Figure 2: Another scenario in which the wiretap framework applies. Alice sends quan-
tum data to Bob through two separate channels, two different fiber optic links, for exam-
ple. Eve potentially has access to one of the links and Alice wants to ensure that should
Eve try to eavesdrop that she will not learn anything about the transmission. N!n, E!n

and B appear in dashed boxes to indicate that B !N!n and E!n are mutually exclusive.

codes. The private quantum capacity Qp(N , E) is the supremum of all the achievable
rates.

The transmission criterion states that halves of EPR pairs encoded byA, sent through
the channel and then decoded by B will be preserved by the communications system
with high fidelity. Alternatively, one could ask that arbitrary pure states or even arbi-
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Q(N ) = Qp(N ,Tr), which is defined with no privacy requirement [32]. The equiva-
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The privacy condition can also be written in a slightly more indirect but illustrative
way. If !REn = (idR "E!n !A)("2k), then the condition states that
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In words, the channel E!n ! A should destroy all correlations with R for the input
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to Eve. The output of Ec contains data that Eve is incapable of intercepting, which
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the channel from Alice to Bob is noiseless is given by the formula max 1
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There are n copies of k-qubit systems.
Bob gets: close to maximally entangled.

Eve gets: close to maximally mixed.
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The main result

If we can get the output in a simple enough
form we can hope to get a single-letter
formula for the private capacity.
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2

tors: this is called a Bogoliubov transformation [9]. We

emphasize that there is one Hilbert space of quantum

fields; only the Fock decomposition changes. A Bogoli-

ubov transformation acts independently in each mode, so

we can assume that we have detectors tuned to specific

modes and not worry about the transformation of all the

modes.

Consider a state |ψ� of the quantum field. The in-

ertial observers may see this as a many particle state:

Πia
†
i |vac�. The Bogoliubov transformation changes each

ai to some combination αiã
†
+βiã where the ã and ã

†
are

the operators of the non-inertial observers’ Fock decom-

position. The Unruh channel N represents this change,

followed by tracing over the modes that are in the wedge

inaccessible to the accelerating observer, in the explicit

Fock space description of the field .

We will assume that Alice encodes information for Bob

by preparing quantum states of a bosonic, dual-rail qubit.

In other words, she has access to a two-dimensional sector

of her (and Bob’s) Fock space, with basis vectors given

by a single excitation of a massless scalar field in one of

two different modes, which we label by their associated

annihilation operators a and c [19]. Uac(r) is the unitary

operator transforming the sector of Alice’s Fock space to

the corresponding sector of Eve’s Fock space. In short,

the channel is Uac followed by the appropriate trace. The

parameter r is related to Eve’s proper acceleration τ and

the mode frequency ω by tanh r = exp (−πω/τ) [9].

In our dual-rail case, an arbitrary pure input state

|ψ� = (αb
†
+βa

†
) |vac� is transformed to Eve’s Fock space

according to

Uabcd(r) = Uac(r)⊗ Ubd(r) = e
r(a†c†+b†d†)−r(ac+bd)

=
1

cosh2 r e
tanh r(a†c†+b†d†)

× e
− ln cosh r(a†a+b†b+c†c+d†d)

e
− tanh r(ac+bd)

. (1)

For all states in the dual-rail basis Eq. (1) reduces to

Uabcd(r) = 1/ cosh
3
r exp [tanh r(a

†
c
†
+ b

†
d
†
)]. This al-

lows us to write the state in Eve’s Fock space as |ψ� =

Uabcd(r)(αb
†
+ βa

†
) |vac� = (αb

†
+ βa

†
)Uabcd(r) |vac�. If

we trace over degrees of freedom beyond Eve’s horizon

(cd), then σ = N (|ψ��ψ|) = (1− z)
3
�∞

k=0 z
k σk is block

diagonal with blocks σk labeled by the total excitation

number k (z = tanh
2
r):

σk ∝
k�

n=0

�
|α|2(n + 1)|k − n, n + 1��k − n, n + 1|

+ |β|2(k − n + 1)|k − n + 1, n��k − n + 1, n|

+ αβ̄
�

(n + 1)(k − n + 1)|k − n, n + 1��k − n + 1, n|

+ h.c.

�
. (2)

Each block σk can be expressed as a linear combination

of generators J
(k+2)
x , J

(k+2)
y and J

(k+2)
z of the irreducible

(k + 2)−dimensional representation of SU(2). ( �J (2)
, for

example, consists of the Pauli matrices scaled by 1/2.) If

σ = N (ρ) with ρ = 11/2 + �n · �J (2)
arbitrary, then

σk = 11(k + 1)/2 + nxJ
(k+2)
x + nyJ

(k+2)
y + nzJ

(k+2)
z . (3)

As a consequence, the channel N to Eve is covariant in

the sense that N (UρU
†
) = R(U)N (ρ)R(U

†
) where R is

the infinite dimensional representation of SU(2) given by

the direct sum over all its finite dimensional irreps. This

makes it easy to diagonalize σ: the eigenvalues of σk are

skm = 1/2[k + 1 + (k + 1− 2m)S] where S = ��n�2 is the

length of ρ’s Bloch vector and m runs from 0 to k + 1.

PRIVATE CLASSICAL CAPACITY

Capacities are defined by allowing arbitrarily many

uses of a channel and asking that the various data trans-

mission or privacy requirements hold to any desired level

of approximation in the limit of many uses. The private

classical capacity Cp(id2,N ) is the optimal rate, mea-

sured in bits per channel use, at which Alice can send

classical data to Bob over the noiseless channel id2 in

such a way that Eve is incapable of distinguishing the

messages based on her view, the output of the channel

N . A more formal definition can be found in [7] along

with a general formula for the private classical capac-

ity. In this case, the formula reduces to Cp(id2,N ) =

limn→∞
1
nC

(1)
p (id

⊗n
2 ,N⊗n

), where

C
(1)
p (id

⊗n
2 ,N⊗n

) = max
E

�
χ(E)− χ(N⊗n

(E))
�
. (4)

Here E is any ensemble of pure state inputs on n copies of

the channel and χ({pi, τi}) = H(
�

x pxτx)−
�

x pxH(τx)

is the Holevo quantity, with H the von Neumann entropy.

(See [10].) Eq. (4) is therefore bounded above by

max
ρn

�
H(ρn)−H

�
N⊗n

(ρn)
��

+ max
|ψn�

H
�
N⊗n

(|ψn��ψn|)
�
,

(5)

where ρn and ψn are any input mixed or pure states,

respectively, to n copies of the channel. The first term, a

quantity known as (minus) the CB minimal conditional

entropy, was studied in [11], where it was shown to be

additive in the sense that maximizing it over n copies

of the channel yields exactly n times the maximal value

for one copy. Furthermore, strong subadditivity of the

entropy ensures that the first term of Eq. (5) is concave

in τ . This, combined with the covariance of the channel,

implies that the single copy version is maximized by the

maximally mixed input:

max
ρn

�
H(ρn)−H

�
N⊗n

(ρn)
��

= n[1−H(N (I/2))]. (6)

Eq. (5) therefore provides an upper bound on the classical

private capacity that depends only on the maximal out-

put entropy, optimized over all pure state inputs to theTuesday, June 28, 2011
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max
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(5)

where ρn and ψn are any input mixed or pure states,

respectively, to n copies of the channel. The first term, a

quantity known as (minus) the CB minimal conditional

entropy, was studied in [11], where it was shown to be

additive in the sense that maximizing it over n copies

of the channel yields exactly n times the maximal value

for one copy. Furthermore, strong subadditivity of the

entropy ensures that the first term of Eq. (5) is concave

in τ . This, combined with the covariance of the channel,

implies that the single copy version is maximized by the

maximally mixed input:

max
ρn

�
H(ρn)−H

�
N⊗n

(ρn)
��

= n[1−H(N (I/2))]. (6)

Eq. (5) therefore provides an upper bound on the classical

private capacity that depends only on the maximal out-

put entropy, optimized over all pure state inputs to the

The output density matrix is infinite dimensional and block diagonal.
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where ρn and ψn are any input mixed or pure states,

respectively, to n copies of the channel. The first term, a

quantity known as (minus) the CB minimal conditional

entropy, was studied in [11], where it was shown to be

additive in the sense that maximizing it over n copies

of the channel yields exactly n times the maximal value

for one copy. Furthermore, strong subadditivity of the

entropy ensures that the first term of Eq. (5) is concave

in τ . This, combined with the covariance of the channel,

implies that the single copy version is maximized by the

maximally mixed input:

max
ρn

�
H(ρn)−H

�
N⊗n

(ρn)
��

= n[1−H(N (I/2))]. (6)

Eq. (5) therefore provides an upper bound on the classical

private capacity that depends only on the maximal out-

put entropy, optimized over all pure state inputs to the

The output density matrix is infinite dimensional and block diagonal.

The only hope: deal with it block by block.
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can be simplified by the multinomial theorem to give

tanhk r

k!

!

d
"

i=1

a†ic
†
i

#k

= tanhk r
"

l1+...+ld=k

1

l1! . . . ld!
(a†1c

†
1)

l1 . . . (a†dc
†
d)

ld . (48)

The simplified expression Eq. (47) allows us to rewrite Eq. (45) in the following way:
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is a multi-index labeling for basis states of the completely

symmetric subspace of (k " 1) photons in d modes. Note that k was relabeled as k +
1 so in comparison with Eq. (49) we now have k =
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%

A
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cient lI,i + 1 equal to 1, 3, 1 and 1, respectively.
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Note: ∞ dimensional and block diagonal.
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Group theory to the rescue:
the blocks of the output density matrix
live in completely symmetric subspaces
because we are creating bosons.
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Group theory to the rescue:
the blocks of the output density matrix
live in completely symmetric subspaces
because we are creating bosons.

In fact the Unruh channel “behaves well”
with respect to the Lie algebra sl(d,C),
the Lie algebra of SU(d).
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Figure 7: The quantum capacity as calculated by Eq. (86) for several qudit Unruh chan-
nels. The curve achieving a capacity of 1 for z = 0 corresponds to d = 2. The others, in
order of increasing quantum capacity, are d = 3, 5 and 10.

The basis states
!

!ik
"

C
form an orthogonal set spanning the completely symmetric sub-

space of (k! 1) photons in dmodes. Once again, the state is proportional to the identity
on each irrep. We will take Eq. (83) as the definition of !C for the remainder of the
paper.

We define Td,z = 1/d(1 ! z)d+1 and after some straightforward algebra we get

H(A)! = ! log Td,z ! (1 + d)
z

1 ! z
log z ! Td,z

!
#

k=1

pdkkz
k"1 log k. (84)

Similarly, for the complementary output Eq. (83)

H(C)! = ! log Td,z ! (1 + d)
z

1! z
log z

! Td,z

!
#

k=1

pdk"1(k + d! 1)zk"1 log (k + d! 1). (85)

The quantum capacity of the qudit Unruh channel simplifies

Q(E) = H(A)! !H(C)! = !Td,z

!
#

k=1

pdkkz
k"1 log

k

k + d! 1
. (86)

31

Capacity for various values of d (the dimensionality of the
encoding space - qudits). The d = 2 case corresponds to the
lowest curve. The x axis gives the acceleration.
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Figure 8: The private quantum capacity as calculated by Eq. (87) for several qudit Unruh
channels. In order of increasing capacity, the curves correspond to d = 2, 3, 5 and 10.

We find the plot of the quantum capacity as a function of the acceleration parameter in
Fig. 7.

For the private quantum capacity we recall our single-letter formula from Theorem 5.
The channel to Bob is a noiseless channel and so

Qp(id, E) = 1
2I(A

!;C)!

= 1
2 [log d+H(C)! !H(A)!]

= 1
2

!

log d+ Td,z

"
"

k=1

pdkkz
k#1 log

k

k + d! 1

#

. (87)

The private quantum capacity is plotted in Figs. 8 and 9. The second figure demonstrates
that private communication is more efficient with qudit encodings than with qubit encod-
ings even after normalization for the fact that a qudit channel carries more information
than a qubit channel when d > 2.

5 Conclusions

We investigated two communication problems in Rindler spacetime. The first was to
determine the optimal rate at which a sender could reliably transmit qubits to a uni-
formly accelerating receiver. While this problem has resisted solution for general quan-
tum channels, in the case of the qudit Unruh channels, we are able to extract a compact,

32

The private quantum capacity for various values of d.
The d = 2 case corresponds to the lowest curve.
The x axis gives the acceleration.
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Figure 9: The private quantum capacity given by Eq. (87) for several qudit Unruh
channels in units of dits. The uppermost curve corresponds to d = 10, then in order
d = 5, 3, 2. This presentation facilitates comparison of the private quantum capacity for
different d by correcting for the fact that a noiseless qudit channel can send log d times
as much information as a noiseless qubit channel. In these units, one immediately sees
that in the limit of infinite acceleration, the private quantum capacity approaches a value
of 1

2 log d, meaning that Alice and Bob need only sacrifice half of their transmission
bandwidth to secure their messages. More interestingly, the graph indicates that using
higher d yields more efficient encodings for finite values of Eve’s acceleration.

tractable formula which is strictly positive for all accelerations. In order to evaluate the
capacity, we decomposed the output of the Unruh channel into irreducible completely
symmetric representations of the unitary group. From this decomposition, we were able
to show that the channels have a rare and useful property known as conjugate degrad-
ability, which makes the calculation of the capacity possible.

The second problem involves securely sending encrypted quantum information from
an inertial sender to an inertial receiver in the presence of an accelerating eavesdropper.
Because the associated private general quantum capacity problem had only been very
briefly discussed previously, we began by studying it for arbitrary channels. In the case
where the channel from the sender to the intended receiver is noiseless, our formula
“single-letterizes”, meaning that it involves no intractable limits. Specifically, the private
quantum capacity is equal to the entanglement-assistant capacity to the eavesdropper’s
environment. Applied to the qudit Unruh channels, we find the private quantum capacity
is positive for all non-zero eavesdropper accelerations, no matter how small.

33

The private quantum capacity for various values of d.
Here we are showing the results in dits.
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Conclusions
Surprises: absence of threshold behaviour and
strange coincidence between the explicit formula
for the private quantum capacity and the
entanglement-assisted capacity.
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How are these modified if we consider

acceleration for a finite time only?
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Can an accelerating observer prepare a pure

state? How will she cancel out Unruh noise?

Communication capacity in curved spacetime?
Information as a probe of geometry??

Black holes seem to be optimal cloners! Why??

What next?

Questionable whether she can even prepare
a Rindler vacuum.
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