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The prototype of contact structures

• The complete Boolean algebra of regular closed sets
(�regions�) in the Euclidean plane.

• Regions a,b are in contact, written as aCb, if a∩b 6= /0.
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Axioms for contact algebras

A Boolean contact algebra 〈B,C 〉 is a Boolean algebra B together
with a binary relation C on B which satis�es for all x ,y ,z ∈ B

C0. 0(−C )1

C1. x 6= 0 implies xC x (weak re�exivity)

C2. xC y implies yC x (symmetry)

C3. xC y and y ≤ z implies xC z . (monotonicity)

C4. xC (y + z) implies (xC y or xC z) (distributivity)

• xCminy ⇐⇒ x · y 6= 0 is the smallest contact relation.

• xCmaxy ⇐⇒ x 6= 0 and y 6= 0 is the largest contact relation.
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Additional properties

Cext. If {z : xC z}= {z : yC z}, then x = y . (extensionality)

Ccon. If x 6= 0 and x 6= 1, then xC x∗. (connectivity)

• The smallest contact relation on B satis�es Cext, but not Ccon.

• The largest contact relation on B satis�es Ccon, but not Cext.

Theorem
If 〈B,C 〉 satis�es C0 � C4 and Cext and Ccon, then B is atomless.

Does every atomless Boolean algebra admit a contact relation that
satis�es Cext and Ccon?
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Theorem
For every atomless Boolean algebra D, there is a contact relation C
on D such that 〈D,C 〉 satis�es Cext and Ccon.

Auxiliary Lemma

Assume that C is a complete atomless Boolean algebra. Then,

there is a pair (A,B) of disjoint dense subalgebras of C .

Proof outline: Let D be atomless and C its completion. Choose
A,B as in the lemma. Now consider these contact relations:

C1 = overlap relation on A (satis�es Cext)

C2 = canonical extension of C1 to C (satis�es Cext)

C3 = restriction of C2 to B (satis�es Cext and Ccon)

C4 = canonical extension of C3 to C (satis�es Cext and Ccon)

C5 = restriction of C4 to D (satis�es Cext and Ccon)
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Representation theorems

1. For every Boolean algebra B there is a totally disconnected

compact regular T1 space X such that B is isomorphic to a

subalgebra of RegCl(X ) (Stone [11]).

2. For every Boolean contact algebra which satis�es Cext and

Ccon there is a connected compact weakly regular T1 space X

such that B is isomorphic to a subalgebra of 〈RegCl(X ),Cw 〉
(Dimov and Vakarelov [1], Düntsch and Winter [5]).

3. For every atomless Boolean algebra B there is a connected

compact weakly regular T1 space X such that B is isomorphic

to a subalgebra of RegCl(X ).
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Mnogo blagodarya
Thank you
Dzie�kuje�
Danke
Merci
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