Reverse Mathematics & Nonstandard Analysis:
Making sense of inﬁnite computations
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Abstract. We introduce a new notion of computability based on Nonstandard Analysis and prove it is equivalent to the usual deﬁnition. As
an application, we obtain several deep results in Reverse Mathematics,
a ﬁeld closely related to Computability Theory. In particular, using Reverse Mathematics, we show that Nonstandard Analysis yields a ‘more
computable’ framework for calculus than the Weierstraß ε-δ method. Finally, we demonstrate a concrete connection between Nonstandard Analysis and Bishop-style constructive analysis.

Outline
Reverse Mathematics (RM) is a program in the foundations of Mathematics
initiated by Friedman ([1]) and developed extensively by Simpson ([2]). Its aim
is to determine which minimal axioms prove theorems of ordinary Mathematics.
Nonstandard Analysis (NSA) plays an important role in RM ([3,4]). We have
previously considered RM where equality is replaced by the predicate ≈, i.e.
equality up to inﬁnitesimals from NSA ([5]). In particular, a ‘copy’ of the Reverse
Mathematics for WKL0 was obtained in ERNA, a weak system of NSA based
on IΔ0 + exp.
Using NSA, we introduce a new notion of computability and show that the
new deﬁnition is equivalent to the usual one. Combining our results from RM and
NSA, we observe that many theorems of ordinary Mathematics are computable
when the nonstandard notions of continuity and diﬀerentiability are used in the
theorem. However, when using the ε-δ notions of continuity and diﬀerentiability
in these theorems, they become non-computable.
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